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A method has been presented for calculating the first, second, and third moments of the

displacement of an internuclear distance in a polyatomic molecule, <Δr>,<Δ2>, and <Δr3>.

The moments, which depend on the frequencies of normal vibrations, the cubic potential constants,, 

and the temperature of the system, have been related to the extent of distortion of the prob-

ability distribution function of the internuclear distance from a Gaussian function caused by 

the anharmonicity in the potential function. An approximate expression has been obtained for 

the phase parameter s in the molecular intensity of gas electron diffraction in terms of the mo-

ments. Numerical results are given for CO2i CS2, SO2, H2O, D2O, CH4, and CD4 by the 

use of experimental or estimated cubic potential constants. The phase parameters for bonded 

distances agree with simple estimates based on "diatomic approximation" to the accuracy of 

current experimental studies, while the phase parameters for nonbonded distances are similar in 

magnitude to those for bonded distances in spite of their larger mean-square amplitudes of 

vibration.

In the preceding paper1) (Part I), general ex-
pressions have been obtained for the molecular 
scattering intensity and the radial distribution 
function. The structural parameters related to 
gas electron diffraction have been written in terms 
of the constants cn of the probability distribution 
function Pij(r) of the i-j internuclear distance in 
a molecule,

(1)

where

(2)

and Ail is a normalization constant. 

The equilibrium distance and the displacement 

caused by the centrifugal force are denoted by

re and δr, respecitvely. Since δr can be calculated

easily when the quadratic force field is known2,3)

and since δr is usually much smaller than the

average Δr, the centrifugal effect will not be dis-

cussed further in this paper.

Among the more important structural para-

meters are the effective internuclear distance 

ra, the effective mean-square amplitude 1., and 

the phase parameter tc, which appear in the

expression of molecular intensity

(3)
The subscripts j will be omitted in the following 
discussion, since the contributions from different 
atom pairs are simply additive. The coefficients 
cn of the probability function for diatomic mole-
cules have been discussed in detail in Part I by 
the second-order perturbation method, which 
relates the cn coefficients to the constants characteriz-
ing the vibrational potential function including 
anharmonicity. 

In the present paper, the above discussion will 
be extended to polyatomic molecules. Approximate 
expressions for the most important cn. constants 
representing anharmonicity, c1 and c3, will be 
obtained by the use of the moment method, with 
the view of making reasonable estimates for the 

phase parameters for polyatomic molecules. 
There have recently been extensive studies of 

the internuclear distances3-7) and their mean-
square amplitudes8-10) under various definitions: 
how they differ from one another in pyhsical
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significance and how to derive them experimentally 
or theoretically by the use of vibrational potential 
constants. On the other hand, less information 
has yet been obtained for the phase parameters of 
polyatomic molecules. Particular attention was 
paid in the experimental studies of CCl4,4.11) 
GeCl4,4) CS2,12) and SiCl413) to the presence of 
the phase parameters predicted by scattering 
theory.14.15) The phase modulation in the molec-
ular intensity was so much more pronounced in 
hydrides and deuterides that it was possible to 
determine quantitatively the anharmonicity para-
meters for methane16) and water17) by the aid of 
the simple theory originally formulated for diatomic 
molecules. 14,18) Since the experimental or theoreti-
cal uncertainty in the phase parameters may become 
one of the largest sources of systematic errors in 
the experimental internuclear distances,15) it seems 
to be profitable to investigate the nature of the 

phase parameters in search for the answers to 
the following questions14): To what extent can 
the x parameters for bonded distances be re-
presented by the "diatomic approximation," 
which assumes that the stretching anharmonicity 
of a bond A-B is similar to that of the AB diatomic 
molecule? Are the rc parameters for nonbonded 
distances much larger than those for bonded dis-
tances because of the larger mean-square ampli-
tudes? 

Perturbation Method 

Since the phase parameter is primarily related 
to the c3 constant of the P(r) function,1,4)

(4)

the estimation of jr depends on that of c3. A 

method for calculating the c. constants of the 

probability function was first formulated by 
Reitan.8) He applied the second-order perturba-

tion method to a polyatomic system with non-

degenerate normal vibrations and without ac-

cidental degeneracies, and obtained general 

expressions for the probability function in terms 

of the normal coordinates, for the mean distance, 

and for the mean-square amplitude correct to this 

order. He further applied the theory to the linear 

and bent XY2 molecules for deriving the prob-

ability functions for the X-Y and Y-Y distances,

P(rx_y) and P(ry-y), to the first order of approxi-
mation; the cl and c3 constants for CO2 and 
H2O were calculated numerically by the use of 
the experimental cubic potential constants. A 
similar method was applied by Morino et al. to 
CS219) and SO220). 

In the above approach, the anharmonic potential 
terms in the vibrational potential function,

(5)

where q4 denotes the dimensionless normal co-

ordinates,21)

(6)

are taken as perturbations, and the vibrational 
wave functions for various quantum states v(v1,
v2,…), ψv(Q1,Q2,…), are obtained. The proba-

bility distribution function of the whole system is 

then given in terms of the normal coordinates,

(7)

where

(8)

In order to derive the probability function for 
an internuclear distance rAB, given in Eq. (1), 
one has to make a transformation of coordinates
into those involving ΔrAB, and then to carry out

amultiple integration over all the rest of the co-

ordinates leaving ΔrAB.

Although the above-mentioned procedure can in 

principle be applied to any system, it requires 
lengthy calculations even in the first order, par-

ticularly when the molecule in question has a large 

number of atoms. Nor is it practical to perform 

direct integrations of the molecular intensity or the 

radial distribution function with respect to the 

normal coordinates, 22 - 24)

(9)

or

(10)
when anharmonicity is taken into account.
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Moment Method 

Provided the observed or estimated potential 

constants are available, it is easier and more 

straightforward than the above procedure to cal-

culate the moments of the displacements. 16,25) 

To the first order of approximation, the probability 

function may be written as8,14)

(11)

In order to calculate c1 and c3, it is sufficient

to evaluate the first three moments,<Δr>, <Δr2>,

and <Δr3>. It is casily shown that

(12) 

(13)

The latter equation may be combined with Eq. 

(4), which leads to

(14)

To this order of approximation, the other para-
meters given in Eq. (3) are shown to bet)

(15)
and

(16)

The calculation of the moments depends on the

expansion of the displacement Δr in terms of the

normal coordinates on one hand, and on the cal-

culation of the quantum-mechanical average of 

the normal coordinates on the other. 

Since this expansion is nonlinear,26) it is con-

venient to express Δr first in terms of the local

Cartesian displacement coordinates, which can 

then be transformed linearly into the normal co-

ordinates. For a given pair of atoms A-B, the 

local z axis may be taken along the equilibrium 

positions of the atoms, and the x and y axes per-

pendicular to z. A matrix of the coefficients of the 
orthogonal transformation from any set of Cartesian

displacement coordinates, Δx.,Δy, Δz, into the

normal coordinates, Q, is often denoted by Lx27); 
the method for deriving Lx by the use of the B 
and L-1 matrices of the molecule is well known.3,24) 

A geometrical consideration shows that25)

(17)

(18)

(19)

where

( 20

) The summations converge quickly in ordinary

circumstances; <Δr> and <Δr3> are essentially re-

presented by the first two terms, and as is well

known,8,28)<Δr2> by the first term alone. The

mean values <Δz>, <Δz3>, and <ΔzΔ ρ2> involve

anharmonic potential constants to the first order,

while the rest of the mean values in the above

equations (17) and (18) can be evaluated without

regard to the anharmonicity to this order of ap-

proximation. Since the axes are orthogonal to

one another, the higher-order terms <Δz2Δ ρ2> and

<Δ ρ4> can be reduced in this harmQnic approxi一

mation to quadratic products, <Δz2><Δ ρ2> and

3<Δ ρ2>2-4<Δx2><Δy2>, respectively. The latter

result stems from the fact that, if the potential

function is harmoIlic,<Qi4> is equal to 3<Δi2>2

for any normal coordinate Qi. The last two an-

harmonic terms in Eq.(19)may be approximated

by products in a similar way.

Mean Values of Normal 

Coordinates 

It is possible to calculate by the first-order per-

turbation theory the linear, quadratic, and cubic 

mean values of the normal coordinates for a system 

in thermal equilibrium at an arbitrary tempera-

ture T. The linear mean value has been given 

by Toyama et al.3) as :

(21)

where

(22)
For a molecule with degenerate vibrations, a 

different number should be assigned to each one

of the degenerate set of normal coordinates (sσ

and sσ', etc., in Nielsen's notation21)) so that the

total number of i or j is 3N-5 and 3N-6 for linear 
and nonlinear molecules, respectively. By the 
requirement of symmetry, only those linear mean 
values which correspond to the totally symmetric 
vibrations are nonvanishing. The same expression 
has been derived by Bartell6) directly from the 
zeroth-order quadratic mean values by the use
of the requirement,<∂V/∂Qi>=0.

The quadratic mean values are given by22)

(23)

in which the first-order effect of the quartic

25) Y. Morino, J. Nakamura and P. W. Moore, 
ibid., 36, 1050 (1962). 
26) J. Pliva, Collection Czech. Chem. Commun., 23, 

777 (1958). 
27) B. L. Crawford, Jr., and W. H. Fletcher, J. 

Chem. Phys., 19, 141 (1951).
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constants and the sceond-order effect of the cubic 
constants are ignored. 

Calculations of the cubic mean values are similar 
to but more complicated than those of the linear 
mean values. With the aid of the relations in 
regard to the Boltzmann weight factor given in 
Eq. (8),

and

(24)

the following equations are obtained (for i≠j≠k):

(25)

(26)

(27)
When the kijj constant is zero, <QiQj2> is sim-
ply equal to <Qi><Qj2>. In contrast to the case 
of the linear mean values, some of the cubic mean 
values related to degenerate normal coordinates 
may not vanish by symmetry, since their direct-

product representations may contain totally sym-
metric species. Thus all the nonvanishing cubic 
potential constants should be counted in the above 
equations. For example, the cubic potential term

is finite for the planar or

nonplanar XY3 molecule,21) where the coordinates 

Q3a and Q3b are so chosen that they transform 
into Q3a, and -Q3b, respectively, by a vertical
reflection σv. The corresponding mean values are

shown to be:

(28)
The present theory is applicable to any molecular 

system, although at present the lack of experi-
mental information about the cubic potential con-
stants confines its application to some of the sim-
plest molecules. Studies are being made in recent 
years to determine cubic constants (or relations

among cubic constants) from the rotation-vibra-
tion interaction constants α, l-type doubling con-

stants,29) and the resonance interaction constants30) 
observed by high-resolution spectroscopy. Meth-
ods for making plausible estimates of the cubic 
constants have also been discussed.31,32) 

Equations (25) to (27) take simpler forms when 
all the frequencies are so high that all the T;, fac-
tors are essentially unity. The last term in Eq. 
(26) with a resonance denominator vanishes in 
that case. In the case of strong accidental de-
generacy, where ωi is nearly equal to 2ωj, this

term needs a separate consideration associated 
with a direct solution of secular equations. For 
the CO2 and CS2 molecules, for example, the res-
onance term in <Q1(Q2a2+Q2b2)> is essentially 
determined by the first two contributions from the 
(10, 020) and (111, 031) diads,33):

(29)
where

and (30)

Numerical Results and 

Discussion 

Numerical calculations are made for the follow-
ing molecules for which all the cubic constants have 
been reported: CO2, 32,34) CS2,12) SO2,35) H2O,31 36) 
D2O31) by spectroscopic measurements, and CH4,37) 
CD437) by an estimation based on a simple po-
tential function. The moments and the ct and c3 
constants are listed in Tables 1 and 2, respectively,38) 
for bonded and nonbonded distances. The effect 
of the Fermi resonance between vt and 2v2 for 
CO, and CS2 is taken into account by Eq. (29) in

28) Y. Morino, K. Kuchitsu and T. Shimanouchi, 
ibid., 20, 726 (1952).

29) Y. Morino and T. Nakagawa, ibid., 44, 841 
(1966). 30) Y

. Morino and T. Saito, J. Mol. Spectry., 19, 
435 (1966). 

31) K. Kuchitsu and L. S. Bartell, J. Chem. Phys., 
36, 2460 (1962). 

32) K. Kuchitsu and Y. Morino, This Bulletin, 38, 
805, 814 (1965). 

33) A. Adel and D. M. Dennison, Phys. Rev., 43, 
716 (1933) 
34) D. M. Dennison, Rev. Mod. Phys., 12, 175 (1940). 
35) Y. Morino, Y. Kikuchi, S. Saito and E. Hirota, 

J. Mol. Spectry., 13, 95 (1964). 36) B
. T. Darling and D. M. Dennison, Phys. Rev., 

57, 128 (1940). 
37) K. Kuchitsu and L. S. Bartell, J. Chem Phys., 

36, 2470 (1962). 
38) Some of the linear and quadratic mean values, 

which agree essentially with the present results, have 
been reported in the literature.8,12,31,37)
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TABLE 1. MEAN VALUES OF INTERNUCLEAR DISPLACEMENTS

a) Calculated by the use of the cubic potential constants given in the references.

TABLE 2. PARAMETERS OF PROBABILITY DISTRIBUTION 

FUNCTIONa)

a) Coefficients of the first-order probability distri-
bution function (Eq. (1)) calculated at room 
temperature. 

b) First-order perturbation calculations given in 
the references. 

c) Derived from the moment method, Eqs. (12) 
and (13), by the use of the mean values given 
in Table 1. 

d) Approximate estimates according to Eqs. (31) 
and (32) in analogy with diatomic molecules 
with the a3 parameters taken from Ref. 32.

the calculation of the <ΔzΔ ρ2> for the C-O and

C-S distances. For the first four molecules, the 

c1 and c3 constants obtained by the perturbation 

procedure8, 19,20) are in essential accord with those

obtained by the moment method in the present 
calculations, in which the same potential constants 
are used. However, since more reliable vibra-
tional frequencies and rotation-vibration interac-
tion constants are available for CO239) and HO2 40), 
the cubic constants based on these experimental 
values31,32) are also used for the calculations, and 
only the latter results are listed in the tables. The 
phase parameters calculated by Eq. (14) are given 
in Table 3 with previous estimates1) and experi-
mental values.16,17) 

In order to test the diatomic approximation, the 
c1 and c3 constants for a bonded distance are cal-
culated by1):

(31)

(32)

where

(33)

The parameter a3 is taken from that for the cor-
responding diatomic molecule listed in Ref. 32. 
The mean-square amplitude of the bond and an 
effective Boltzmann factor corresponding to a 
characteristic frequency of the bond-stretching 
vibration are adopted instead of those for the cor-
responding diatomic molecule. The diatomic cl 
constants are smaller than the bond cl constants 
by only a few tenths, while for c3 the predictions 
seem to be slightly larger than the bond values. 
A comparison of the parameters calculated by Eq. 
(4) given in Table 3 asserts the utility of the dia-
tomic approximation for bonded distances to the 
current need in gas electron diffraction, since the 

39) C. P. Courtoy, Can. J. Phys., 35, 608 (1957); 
Ann. soc. sci. Bruxelles, 173, 5 (1959). 
40) W. S. Benedict, N. Gailar and E. K. Plyler, 

J. Chem. Phys., 24, 1139 (1956).
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TABLE 3. ESTIMATION OF THE PHASE PARAMETERS k

a) Estimates by Eq. (14) based on the mean values listed in Table I. Room temperature. 
b) Estimates based on the assumption that the atom pair in question were a diatomic molecule.
Calculated by the use of Eq.(4)with the<Δr2> in Table 1 and the "Approximate" C3 in Table 2.

c) Estimates reported in Ref. 12. 
d) Experimental values reported in Refs. 16 and 17.

discrepancies are within the uncertainties of or-
dinary experiments. 

Similar estimates for nonbonded atom pairs are 

given in parentheses,, since the physical significance 
of the diatomic approximation is questionable in 
this case. The a3 parameter of the atom pair is 
tentatively set equal to that of the corresponding 
diatomic molecule, and the Boltzmann factor cor-
responding to the bond-bending frequency is used. 
Probably the simplest method for making a crude 
guess of the cl constant of a nonbonded atom pair 
is to use Eq. (31) with the a3 parameter assumed 
to be 2 A-1 and with a suitable X factor. Because 
of the X factor, c1 should be somewhat smaller than 
2 A-1. The c3 and the ic parameters for non-
bonded distances appear several-fold smaller than 
the diatomic estimates, and the values are of 
comparable order of magnitude with those of the 
bonded distances. 

As expected from Eq. (2), the contribution to 
the molecular intensity from a nonbonded pair 
damps much faster than that of a bonded pair, 
because the mean-square amplitude of the former 
is larger. With the ic values of a similar magnitude,

the phase modulation caused by k should be much 
less significant for a nonbonded atom pair than for 
a bonded pair. Nevertheless, the phase parameter 
for a nonbonded pair may be measured by a careful 
experiment if a suitable molecule is selected. For 
example, carbon tetrachloride, which has non-
bonded Cl-Cl distances with a relatively strong 
scattering power, is probably a molecule of this 
category. The experimental k parameter for a 
nonbonded distance determined in this way will 
be a valuable guide in the study of the origin of 
anharmonicity, and especially the anharmonicity 
in bending vibrations, on which very little is known 
at present.41) 
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